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~ number of revolutions of the central body in an orbital transfer

- semimajor axis

- time

- energy

- gravitstional parameter
- vehicle thrust vector

- vehicle velocity vector
- circuler orbit velocity
- vehicle mess
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- true snomaly
- radial acceleration component
- tangential acceleration component

Z -1 ™ < B

~ normal acceleration component

~ eccentricity

- mesn motion

~ distence from center of mass of the central body
- inclinetion
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- arguement of perispsis

- longitude of ascending node
- arguement of latitude

- semi-latus rectum

- slternete orbital element
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& H - magnituds of angulsr momentum
A - magnitude of vehicle acceleration
0 - pitchangle
\ 4 - yaw angle
€ - dimensionless ratio of vehicle accelerstion to local gravitational accelerstion
| H - Hemiltonian
| \ - lagrange multiplier sssocieted with @
A, - lagrange multiplier associsted with h
Ay - lagrange multiplier associsted with k
Uy - quentity combining A, and A,
U, - quantity combining A5 and A
a, ~ initial valueof a
) o ~ final valueof a
‘ u, ~ initial valueof u

Ur ~ final value of u
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An analytic solution to the optimal Jow thrust trensfer problem is developed using 8
first-order perturbetion approach for plener orbit transfers. This solution is verified by
comperison with the solution obtained by integrating the equations of mation. For low vehicle
eccelerations the anelytic solution yields results quite close to those obtained by the intagrated
solution. At higher accelerstion levels, however, the analytic solution diverges from the
integroted solution. For very low acceleration levels the anslytic solution approachs the
limiting case of the infinitesimally low thrust spirsl solution.
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OPTIMAL LOW THRUST ORBIT TRANSFER
USING A FIRST-ORDER PERTURBATION MODEL

I. Introduction

In performing any orbitel transfer it is essential to determine the optimum thrust vector
profile. This problem is eesily solved for two extreme cases: the continuous thrust spirel
transfer for a vehicle having infinitesimally small accelersation, and the two burn impulsive
trensfer for vary high vehicle acceleration. Between these two extremes, the optimal trensfer
problem has been addressed by a veriety of individuals. Several suthors'-2-S have considered
continuous thrust transfers requiring one revolution or less to complete, while others* have
investigated trensfers requiring many revolutions using some version of the method of
averaging. This latter approach usually leads {0 a series of small, nearly impulsive, burns and
s suboptimat.

It is slways possible, in principle, to solve the transfer problem through integration of
the equations of motion. Unfortunately, the amount of computstion required for transfers
involving meny revolutions is prohibitive, and numerical errors rapidly become unacceptably
large. Wiesel and Alfano>5 have developed an anelytical epproach which leads to 8 more
trectable solution of the optimal transfer problem for many revolutions. Their epproech
involves splitting the control problem into a “fast” timescale problem over one or & few orbits,
ond & “siow” timescale problem over an entire transfer. The slow timescale solution
incorporstes a series of solutions to the fast timescale problem. This approach leads to an
optimal solution for an infinite number of revolutions. Wiesel and Alfano found that the errors
in obtaining desired final conditions were proportionsl to 1/N, where N was the number of
revolutions in the transfer. This result suggests thet the solution of the optimel control
problem for finite revolution trensfers should be amenable to 8 perturbation theory approach.

This peper will develop an anelytic solution to the fast timescale problem using o
first-order perturbetion epprosch. This enslytic solution is compered with the solution
abtained by integrating the equations of motion to determine its renge of velidity. Based on these
results, some conclusions are drown regarding the application of perturbetion theory to the low
thrust transfer problem.
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I1. Low Thrust Spiral Solution

Pt BN N
LA | e tet.
O PSR S A
”* 'y e e e Fet S
v a2 Uty e e’
[ B I VT
o0’ s .

4 »
A,

As a limiting case, the optimal control solution for a vehicle having infinitesimally small
accslerstion is developed for & planar transfer beginning in 8 circuler orbit. The solution is
optimal in the sense of minimizing the time required to perform the transfer and, hence, s
maximizing the time rate of change of the semimajor axis, @. The rate of change of the 1
semimajor axis s given by J

(1)
$-8%-&S

where the energy per unit mass is

(2)

end the time rote of change of the energy is
(3)
- -v(fre )

.

In the sbove equations, the graviiatione! parameter is representad by ), m is the vehicle
mess, V is the true anomaly, and IF and V are the vehicle thrust and velocity vectors,
respectively. Theorbital radius, r, is the same as the semimajor axis for & circuler orbit. R
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ond T are, respectively, the radial and tangential components of the vehicle accelerstion. The -
derivative of r with respectto v is - S
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where ¢ is the orbital ecoentricity.
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For a circular orbit eccentricity is zero, so the right hand side of Equation (4) s 2ero.
Hence, the radial term in Equation (3) is initislly 2ero and the vehicle directs its thrust
tangentislly. Since the vehicle hes infinitesimally small accelerstion, orbital eccentricity must
remain infinitesimelly small and the right hand side of Equation (4) will always be nearly zero.
As a consequence, in accordance with Equation (3), a radial acceleration component will not
result in any chenge in energy. Since energy is affected only by the tangential acceleration
component, the optimal control solution is to direct the thrust vector tangent to the orbit. This

corresponds to a yaw angle of zero.
For 2ero yaw angle, the dot product of the vehicle thrust vector and the vehicle velocity

vector is
(s)
F-V=FV

90 the rats of change of the semimejor exis is given by

F /

where V.. isthecirculer orbit velocity. Separating variables and integrating:

(6)

(7
[-%o - 2B fa
@32 g2
yields the semimajor axis as a function of time:
(8)
1
a(t) =
0;"2 - ;:lzl% (t- to)
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111. Equations of Motion

Selection of Form
It is desirable to select a form of the equations of motion that will make analysis of the low
thrust trensfer problem as easy as possible. A useful form is the Lagrange planetary equations

expressed in terms of force components.?:

(9)
dg _ _Zesinv o, 2a V1 - e? T
dt aVi-e ar
de _ Vi-e? sinv Vi-e? 102(1-¢2) _
dt nd R+ nale I r rlT
gi . __romsu
dt " pa2V)-e2
a0 _ V1-e2 cosv b 1 _ _reotisinu
at noe R+ eH[s'"v(' T eensv)l na2Vi - e2
- rsiny

d  pa2V1-e?sini

Unfortunately, this form involves the argument of perigee, w, and the eccentricity, &, so it IS
singular for small eccentricity. This singulerity problem can be eliminated by making the
change of variables:
(10)
h=¢fcosw

k=¢ésihw

Another problem is that the true anomaly, ¥, is not well defined for neerly circular orbits. The
true anomaty can be replaced by the argument of latitude, u, where:
(1)
U=w+Vv
This change of variables transforms the independent variable from time (implicit in V) bou.
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Applying these veriable changes to the Lagrange planetary equations, expanding for small ey
eccentricity, and retaining ony the lowest order terms yields:? b

(12) s
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In these equations R, T, and N are the acceleration components in the radisi, tangential, and e
normal directions, respectively, i is the inclination, snd Q {s the right ascension of the ;::::
escending node. The quantity n is the mean motion. -

(13)

The mass end acceleration of & Jow thrust vehicle making small orbit changes can be
trested as constant. This essumption can not be made when considering the long timescale i
problem. For a vehicie with constant accelerstion A, pitch angle ©, andyaw engle ¥ (see L
Figure 1), the acceleration components are:

(14)
T=AcsOcos¥ ' C:
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Figure 1. Vehicle Acceleration Components

Another useful relationship is
(15)

-

where € is the dimensionless ratio of vehicle acceleration to local gravitational acceleration.
Substituting the expressions for the acceleration components and € into the equations of motion
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(16) L
-g& = 20€ cosO cos¥ b

%!} = €[ -sinu cos® sin¥ + 2cosu cosO cos¥) | ;:‘.;,:

%& = €lcosu cos@sin¥ + 2 sinu cos® cos¥]

-gg-eeosu sin® ——-—

{

-ﬁ - -s_iﬁn_i sinu sin@®
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Simp]ification to Planar Case
It wes decided to develop only the more limited cese of orbital changes within & single
plene. This is equivalent to setting the pitch angle © equal to zeru in the equetions above. This

assumption results in the following set of three equations:
(17)

Pat.
‘s ‘et
276 s’

-3-3 = 2a€cos¥

'4.'..

-g% = €[-sinu sin¥ + 2cosu cos¥)

R
.
r_r

’

H]

i
(3

% = €[cosu sin¥ + 2 sinu cos'¥}

TR e
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This is the final form of the equations of motion used to develop the analytical solution to the
optimal low thrust transfer problem.
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Control Optimization
Yo solve the low thrust transfer problem, it is necessary to determine the optimal yaw -
angle program to perform an orbital transfer from a given set of initial conditions (a,, b, k,) L"J
t0.a given set of ftnal conditions (ag, by, k). For avehicle under constant thrust, an optimal :

trajectory is equivalent to 8 minimum time trojectuy.’ {f the vehicle's orbits! eccentricity is )
very amall ot all points in the trejectory then time is simply proportionel tou. Basedon this ,._.
assumption, the Hemiltonian for the optimal tronsfer is

(18)
ﬂ-l+)‘,-g+ )‘,-g& + )\3%&

Since only small orbital changes are being considered, the dapendent veriables on the right sides
of the equations of motion cen be treated es constants. Using this assumption, the canonical
equations for the lagrange multipliers are

(19)
dy 21
U " Ta 0
dx = - m = o c.
u ok
u ok gL
30 a1l three of the lagrange multipliers are constants. The solution to the long timescale problem .
would incorporste & series of such small changss. Inserting the equstions of motion into the g;_-iijl
Hemiltonian and computing the yaw optimality condition :::

I'l(
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A

(20)
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yields the control low:

(21)

-Az2sinu + Aycosu
2(a )+ xgeusu + A3 sinu)

ton¥ =

Nots thet, even though the \'s are constant, W will vary because of its dependence on u. The
direction of the transfer, inward or outward, is used to resolve the ambiguity in the solution for
V. For outward transfers ¥ will take on values in the range -11/72 $ ¥ £ n/2, while for
inwerd trensfers ¥ will take on values in the other two quadrants.

Since the lagrange multipliers are constant throughout 8 given orbitel transfer so long ss
the chonge in a is small, and ¥ is dependent on these multipliers, the multipliers ore
effectively the control veriables for this problem. The yew control law can be simplified by
letting

(22)

- A2

U, N

g—x—l

Uz N

The yaw control law then becomes:
(23)
eV = -U;sinu + Uscosu

2(a + yjcosu + Uzsinu)

siell Angle Assumption
To further simpiify the analytical solution to the low thrust transfer problem, it is

assumed thet the yow angle ¥ is small. Since the optimal yaw angle for a vehicle having
infinitesimal thrust is W=0, this is a ressonable assumption for a low thrust vehicle. Note thet
if ¥ is smell, Uy and U, must be smell. Using this small angle assumption, the equetions of
motfon become:
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B - e[-¥sinu + 2csu]
ﬂ% -~ €[ ¥cosu + 2sinu}

and the yaw control law becomes

(25)

o ZUjsinu + Uzcosu
2a

) 4

Note thet the equation for the semimajor axis does not involve . At this level of approximation
the analylical solution is identical to the spiral solution for @. The differential equetion for a
b can be solved directly in terms of u toyield

(26)

= u i
e °°\/ll - 4.6?(« - ug)

Orbita] Element Changes
The changes in orbitel elements over an entire orbit transfer are computed by integrating
the equetions of motion over u. For the semimajor axis this s

(27)

Aa-u,-oo-!::-ﬂ%du

ond similarly for the other two orbits! elements. Carrying out these integrations for the
equations of motion resulting from the small ¥ assumption yields
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.............

-
o

-




A S A i e i it
o

’ .t
. l:l_ ‘\":‘ ‘.' Y 'o":

»
S AL

AR AR
AP

L IR )
<

(28)

Ag = 2q,€u

INY %f [gosinu + %”-sinu cosu + u) - !az-sinzul

Ak = %f [as(1- cosu) « %‘-stn’u + L?—(sinu cwsu + v)]

Note thet Equation (26) is valid for large chenges in @ while the first of Equations (28) is
valid only for small changes.
Given the initisl and finel conditions for en orbital transfer it is necessary to compute the
. controls (i.e. the \'s) required to achieve thet transfer. it is assumed thet each transfer begins

and ends in a circuler orbit. The total changes in h and k over an entire transfer of this type
must therefors be 2ero, since these two elements are directly proportional to the eccentricity.
Using this fect, the verisbles U, and U, cen be determined by simultaneously solving the

following two equetians.
(29)
Ah = 0 = q,sinug + 951(- sinugcosSug + ur) - 982 3‘"2(.(‘

Ak = 0 = ay(1- cosug) + %sinzw + %-,z(sinufwsur + uyr)

5 Solution of these equations ylelds:

ﬁ (30)
Uy = (Uzsinug - 8ay)sinuy
2 ! Ur - sinup COBUp

U = ig.(ﬂﬂsllf - (1 - cosug)(ug - sinug cosug))
? uf - sin2u cos?ug + sindy,

;
"
et
Yy
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The lagrange multiplier associsted with the semimejor axis is computed using the
transverselity condition

(31)
Hug) = 0 = 1+ M(82 2y 80, 2K
Ur

Solving this squation for A, yields

(32)
-2y
Aal4a(a + cosu + sinu) + (Uysinu - Upcosu)(sinu - cosu)l

X|’

where @ as 8 function of u is given by Equation 26. The veluesof ), and Ay are computed
from Ay, Uy, end Uy With the \'s in hend, the yew engle, ¥, cen be computed for any value of
v using Equation ( 25).
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V. Yerification

AEEN 0T

The analytical solution to the low thrust transfer problem developed fn Section IV was
verified by comperison with the integrated equations of motion (Eqns. 13) for a set of orbital
transfers. All computstions were carried out in canonical units, for which the distance unit is
2 one Earth radius and the gravitstional perameter, )1, is numericelly equal to one. All of the
' verification trajectories began st u = 0. The initiel end finel conditions for all of these

trejectories were

TS S

(33)
(aot hos ko) = ( ! ’ o, 0)

(ap, by, &) = (1.01,0,0)

MMM RACIY . SR

Note the small change in the semimajor axis. Solutions for these conditions can be extended to
other values of a, and a, by sceling €
Using the above conditions and specifying ug, the A'sand the required acceleration were
computed. In order to make 8 valid comperison, these computed velues were used in both the
snalytical solution and the solution via direct integration of the equations of motion. For the
analytical solution, Equation (26) wes used instead of the first of Equations (28) to provide
higher accuracy for changes in the semimajor &xis. In the integrated solution, however, the
snalytical result of Equetion (26) wes not used; all three of Equations (17) were integrated.
Four hundred integration steps per revolution were used. The small angle assumption was pgt
3 mede for the integreted solution.
' Orbite) transfers computed using both the analytical solution and the integrated solution
N are compered in Figures 2-9. Figures 2-5 show the orbital elements and yaw engle as o
i functionof u for atransfer to u, = 1.8 revolutions. The correspondence between the analytic
g ond integroted solutions is poor. Note thet for small chenges in @ the yaw angle computed using
- the two solution methods is essentially identical, 0 Figure S shows only one curve. Figures 6-9
show 8 transfer to u; = 4.9 revolutions, and in this cese the carrespondence between the two
! solutions is very good. Figures 2-9 indicate thet the enalytical solution is valid for large u,,
D but bresks down et small values of ug (i.e. higher accelerations).
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Using the analytical solution, the maximum ybw angles for transfers involving large

W A (T e

N values of ug (neer 100 revolutions) were computed. Since a, and a, are fixed (Eqns. 33), £
3 large u, corresponds to 8 very low acceleration level. As shown in Figure 10, the maximum o
2 yaw angles for these transfers were very small. Note the continuing decrease in the maximum

' value of the yaw angle as u, increases. Hence, for very low vehicle accelerations the anatytical

% solution gives results close to those of the spiral solution.
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V1. Results

A solution to the Jow thrust boundary value problem, for 8 gtven transfer, occurs when
the value of the Hamiltonian first reaches 2ero. A typica! plot of the Hamiltonian as 8 function of
u isshown in Figure 11. The Hamiltonian osciletes up and down, but its mean value dacreases
os the semimajor axis increases. If the Hamiltonian is extendad beyond the point at which it
first equels 2ero, it will dip below 2ero with each subsequent revolution. This indicates thet 8
minimum fuel solution to the low thrust transfer problem, as opposed to minimum time
solution, can be developed. For a minimum fuel solution, the vehicle's engine would be »n when
the Homiltonian was positive and off when it was negative. The turn on and turn off poinus for an
inward trensfer from u, to u, wouldsimply be the mirror image of the turn on and turn off
points for an outward trensfer from u, to u,.

The quantities €, A;, A,, Az, and the sbsolute valueof ¥, .. &re shown es 8 function of
ug in Figures 12-16. Note thet solutions do not exist for some velues of u; below 2.5
revolutions. All three \'s are periodic with a period of 2% (one revolution) and, in each
revolution, they areall singuler ot the 0.S and 0.75 revolution points. Because of dependence
on the inverse rate of change of the ssmimajor axis, the mean megnitude of A, incresssses u,
increeses. The meen values of A, ond Ag do notchenge. ¥, 8lso hesa periodof 21, but
its maximum value per revolution asymptotically approaches 2eroes u, incresses and vehicle
acceleration decreeses. The decreese in ¥, 88 u, increases is shown in both Figure 16 and
Figure 10.

One major advantage of the snelyticel solution over the integroted solution is thet it
requires much less computation. For eny trensfer, using the anatytical solution, the values of
the orbitsl elements for any given value of u can be computed directly from Equations (28). In
comperison, obtaining the orbital elements for the same valus of u using the integrated solution
requires inlegrating over the entire range from u = 0 to u. Computing and outputting the
orbital elements forty times per revolution, the analytical solution was able to complete one
revolution about ninety times as quickly as the integrated solution. This gives a rough indication
of the computatione! advantage of the anatytical solution.
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VIL. Concluslons and Recommendations .

In this paper an analytic solution to the optimal low thrust transfer problem was
developed using a first-order perturbstion epproach. For low vehicle accelerstions this
solution yielded results quite close to those obtained by integrating the vehicle equations of
motion. At higher acceleration levels, however, the analytic solution diverged from the
integrated solution. For very low accelerstion levels the analytic solution was found to approach -
the limiting case of the infinitesimally low thrust spiral solution.

The results described in this paper could be further developed by incorporating a higher
order perturbation model. Such a higher order mode! would extend the validity of the anslytic )
solution to higher levels of vehicle acceleration. Another useful activity would be to develop an B
analytical solution for the full, three dimensional orbital transfer problem, eliminsting the <
limitation 1o planar transfers. Using the minimum time transfer solution 8s & basis, the
minimum fuel solution should also be developed. By incorporating results from all of these
recommended areas of study, there is potential for the development of powerful and efficient ——
tools for the analysis of Yow thrust transfers.
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